Lecture 12
Part 1

Correctness - Motivating Examples



Program Correctness:

Example (1)

class FOO
(G} INTEGER
increment_by_ 9
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Program Correctness: Example (2)

class FOO _A\Afo‘md «?ﬂm L2S o
i: INTEGER d :

increment_by_9 | Refspton tanct, be W)
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Hoare Triple and Weakest Precondition



Hoare Triple as a Predicate @ : lzwo{ Lonelines
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Program Correctness: Revisiting Example (1)

class FOO
i: INTEGER

increment_by 9
require

&> 34V

do

= 1 + 9 v

>
ensure
21 > 13v
end

end
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class FOO
i: INTEGER
increment_by 9

ensure
2 1 >_13
—~~
end
end
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Rules of wp Calculus



Rules of Weakest Precondition: Assignment
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Correctness of Programs: Assignment (1)
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Correctness of Programs: Assignment (2)

What is the weakest precondition for a program x := x + 110
establish the postcondition x > xp?

{77} x := x + 1{x=23}




Rules of Weakest Precondition: Conditionals
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Rules of Weakest Precondition: Conditionals
wp(if B then S1 else S2 end, R)

B = wp(S1, R) B = wp(S1, R)
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Correctness of Programs: Conditionals

Is this program correct?

{x>0Ay>0}
if x > y then

bigger := x ; smaller :
else

bigger := y ; smaller :
end

{bigger > smaller}







Correctness of Programs: Sequential Composition

IS{@}tmp = x;Ix =nyalyEEntEmp { X > ¥} correct?
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Rules of Weakest Precondition: Summary

wp(x @ e, R)=R[x:=¢]

B = wp(S1, R)
wp(if B then S; else S; end R)=| A
- B = wp(Sz, R)

wo(S1 @ Sz, R) = wp(Sy, wp(S2, R))




croot Rules sty [{Q)isiR) = Q= wp(S, A)
Qy¥s{R} = Q= wp(S,R
Weakest Precondition s sz Al )

{Q}x := e{R} — Q= R[x:=¢€]
—_—
wp(x := e,R)

{Q} if B then S; else S, end {R}
({QAB}&{R} ) ((Q/\B)=>Wp(S1,R) )
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Contracts of Loops



Contracts of Loops
Syntax Runtime Checks

from
Sinit
invariant
invariant_tag: |
until

B

loop
Sbody
variant
variant_tag:‘! —
end




test
local
i: INTEGER
do .
from Invariant

invariant

-
. " N .
j . ' Violation
g, e . .
9. .
.
)
i

loop . .
991’0.put_string ("iteration " + i.out
> __7__ =1 4+ 1

variant

6 — 1
end

Loop
Variant
Violation




Contracts of Loops: Violations

Runtime Checks

i: INTEGER
do
from

i:=1
invariant é;

1 <= 1 and 1 <= y{

until
i > 5

loop
io.put_string ("iteration " + i.out
i :=1+1

variant
6] — i

end

end

invariant: 1 <=i <=5
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Contracts of Loops: Violations

Runtime Checks

i: INTEGER
do
from
i:=1
invariant
1 <=1 and i <= 6 ( VEzO.:

Invariant
Violation

until
i > 5
loop
io.put_string ("iteration " + i.out

variant: 5 - i
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Contracts of Loops: Visualization

Initialization

Invariant

FExit condition




Contracts of Loops: Loop Invariant Q‘pra, et L@Q«e (2

find max (a: ARRAY [INTEGER]): INTEGER Hw\f 1

local i: INTEGER
do

from ( z>
i := a.lowédr ; Result := al[i]

invariant
loop_invariant: -- V/| gtopmss < i e Result > aljl
across a.lower limw [ ) j all Result >= a [j.item] end
until ‘ =
i > a.upper
loop
if a [1i] > Result then Result := a [i] end
d B= a2 i ll
variant
loop_variant: a.upper - i
end
ensure

correct_result: —- Vj|a.lower <j< a.upper e Result > a[j]
across a.lower |..| a.upper as j all Result >= a [j.item]




Finding Max: Version 1 1 2 3 4
find max (a: ARRAY [INTEGER]): INTEGER ‘&I-m'l 40 30
local i: INTEGER
do
£rom | Trooion | Rt [i LT
i := a.lower ; Result := al[i] =
invariafm®— T;\‘(’-E >.O L ’Sj
loop_invariant: —- VjlaJower <j<i e Result > a[j] T <)
across a.lower |..|(i.gs j all Result >= a [j.item] end N Z T
until e l'_ m - ):J
i > a.upper <2
loop (2 2. 20 alﬁ,j
2if a [i] > Result then Result := a [i] end — <3
ai =1+ 1
variant % 9
loop_variant: a.upper - 1 + 1
L LI weolotrn
SHSRES . . . ¥ fepdlt >0 & met
correct_result: —- Vj|a.lower<j< a.upper e Result > a[j]
across a.lower |..| a.upper as j all Result >= a [j.item] mox tjc fbﬁgg
end -
end AFTER ITERATION || i | Result || LI | EXIT (i > a.upper)? | LV
Initialization o ® ‘ @® @
1st ® O @ @ @
2nd ® © ® @ ®




Finding Max: Version 2

find _max (a: ARRAY [INTEGER]): INTEGER 20 lo 40 30
local i: INTEGER
do
from
i := a.lower ; Result := a[i]
invariant
loop_invariant: Vj| a.lower <j<i e Result > a[j]
across a.lower |..| (i - 1) as j all Result >= a [j.item] end
until -
i > a.upper
loop
if a [i] > Result then Result := a [i] end ‘F
i =1+
variant 4 _,S 7/ Y
loop_variant: m J -+
o LV velatied
ensure
correct_result: -- Vj|a.lower<j< a.upper e Result> a[j]
across a.lower |..| a.upper as j all Result >= a [j.item]
end
end AFTER ITERATION Result || LI | EXIT (i > a.upper)? | LV
Initialization 1 20 v X .
1st 2 20 v X 2
2nd 3 20 v X 1
3rd 4 40 v X 0
—
—= 4th 5) @ |@ o -1
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Correct Loops: Proof Obligations

{0} from /\/ O
Sinit L=
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BALD)=> R,
o Aloop terminates if:
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Correct Loops: Proof Obliqations

Initialization:

v

a: ARRAY
INTEGER

find max (
ocal i:
do
£

QIm

[INTEGER]) : INTEGER

i := a.lower ;

Result := ali]

invariant

until
i > a.upper
loop
if a
1 i+ 1
variant
loop variant:
end
ensure
correct_result:
end
end

loop_invariant:

[i] > Result then Result :

Vj| aJower <j<i e Result> a[j]

= [1] end

a
a.upper - 1 + 1

Vj | a.lower < j < a.upper o Result > a[j]

Non-Negative Variant:

Decreasing Variant:

{Tues T:= A lower 5

e = a2
{\JJIﬂ’mla’..J< Le

Before Termination:

NP
QLJJS

Upon Termination:



